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Introduction and the results
There is a large literature [1] [2] [3] on the stability of the solutions to differential equation of the form P
u.t/ D A.t/u.t/ C G.t, u.t// C f .t/, u.0/
where A.t/ is a linear, closed, densely defined in a Hilbert space H operator, with a domain D.A.t// independent of t, and G.t, u/ is a nonlinear operator,
f .t/ is a function on R C D OE0, 1/ with values in H,
In classical results, starting with Lyapunov ( [4] [5] [6] [7] ), u.t/ is a vector function with values in a finite-dimensional space R n . If assumption (2) holds, and f .t/ D 0, then u.t/ D 0 solves the problem (1) with u 0 D 0 and is called the equilibrium solution. Suppose jju 0 jj Ä ı, where ı > 0 is a sufficiently small number. Let > 0 be an arbitrary small given number. If there exists a sufficiently small ı D ı. / > 0 such that the unique solution to (1) exists for all t 0 and sup t 0 jju.t/jj Ä , provided that jju 0 jj Ä ı and f .t/ D 0, then the equilibrium solution is called Lyapunov stable. The classical result of Lyapunov says that if A.t/ D A is a constant matrix, whose spectrum lies in the half-plane Rez Ä 0 < 0, estimate (2) holds, and f .t/ D 0, then the equilibrium solution is Lyapunov stable, and moreover, it is exponentially stable in the sense that jju.t/jj Ä ce at , where a > 0 is a constant, a Ä 0 . If A has at least one eigenvalue in the half-plane Rez 0, then the equilibrium solution is not Lyapunov stable, and sup t 0 jju.t/jj D 1 for some u 0 with an arbitrary small jju 0 jj > 0.
For the time-dependent periodic A D A.t/ D A.t C T/, the Lyapunov stability was studied extensively. In [1, 3] , the stability results are generalized to the case of abstract operator equations in Hilbert and Banach spaces. It seems that there were no studies of the case when A D A.t/ has spectrum in the half-plane Rez > 0, but this spectrum is pushed to the half-plane Rez Ä 0 as t ! 1. Such a study is given in our paper. Under suitable assumptions, the Lyapunov stability is established for the equilibrium solution and for the solution under persistently acting perturbations, that is, for the case f ¤ 0, and estimates of the solution u.t/ as t ! 1 are derived. The technique used is new. It is based on an application of a novel nonlinear differential inequality (see Lemma 1) .
The main results of this paper are formulated in Lemma 1 and Theorem 2. Lemma 1 is proved in Section 2. In Section 3, an example of applications of our result is given.
Let us assume that a.t/ and b.t/ are non-negative continuous functions, that G.t, u/ is locally Lipschitz with respect to u in the ball B.u 0 , R/ D fu : jju u 0 jj Ä Rg and is a function of t that is continuous in the operator norm. We assume that problem (1) has a unique local solution.
This assumption holds, for example, if A.t/ is a generator of C 0 semigroup. In this case, problem (1) is equivalent to
where
I is the identity operator, and U.t, s/ is a bounded operator in H:
Indeed, a standard calculation shows that u, as defined in (4), solved problem (1):
It follows that u, as defined in (4), solves problem (1). If problem (1) is equivalent to problem (4) and U.t, s/ are bounded operators, then the operator T.u/ in (4) is locally Lipschitz because G.t, u/ has this property. Consequently, problem (4) (and therefore problem (1)) has a unique local solution. This solution is global if it satisfies a bound that is uniform with respect to t:
where the supremum is taken over all t 2 OE0, T/ for which u.t/ exists (see, e.g., [8] ). Let us derive this bound. This derivation is based on an application of a new nonlinear differential inequality, stated in Lemma 1. Our basic result, Theorem 2, is also based on this inequality.
Take inner product of each side of (1) with u.t/, then take the real part of the resulting equation, and denote jju.t/jj D g.t/. The result is
Assume that
where .t/ 0 and˛.t, g/ 0 are continuous functions of t and
Then inequality (8) implies
We assume that
and .t/ and b.t/ tend to zero monotonically as t ! 1.
We need the following lemma, which is proved in Section 2.
Lemma 1
If there exists a function
.t/ > 0, P .t/ < 0, lim
and
then any non-negative solution g to (11) satisfies inequality
Applying Lemma 1 with
t/ < 0, one obtains from (14) the following inequalities: 
Here C D const > 0,
We have used the monotonicity of the decay of q.t/ and the inequalities
To satisfy inequality (18), one may choose q.t/ using the relation
If the number
is sufficiently small, then one can choose the constant q.0/, so that the function q.t/, defined in (21), is positive for all t 0. Applying inequality (15), we obtain the following theorem:
Theorem 2
Assume that u.t/ solves problem (1) and that inequalities (2), (3), (9) , and (10) hold. If the function q.t/, defined in (21), with C defined in (19), is positive for all t 0, then u.t/ exists for all t 0 and is globally bounded: 
The statement in this Remark shows that the solution to evolution problem (1) is Lyapunov stable.
Proof of Lemma 1
Consider the problem
where n > 0 is an integer. This problem has a unique local solution. Clearly, P v n > P g.0/. Therefore, there is an interval .0, T/, such that
where T > 0 is some number. The interval OE0, T/ is the maximal interval of the existence of the local solution to (24), and if
then T D 1. Indeed, if inequality (26) holds but T < 1, then one can solve the problem
where l is the length of the interval of the local existence of the solution to problem (27). If (26) holds, then the length l does not depend on the choice of the Cauchy data. Thus, w exists on the interval .T .l=2/, T C .l=2// and is equal to v n .t/ on the interval .T .l=2/, T/. Consequently, by the uniqueness of the solution to the Cauchy problem for equation (24), v n .t/ is defined on the interval OE 0, .T C l=2/ /, so T is not the maximal interval of the existence of v n . This contradiction shows that T D 1, as claimed, and inequality (25) holds for any t > 0. Passing to the limit n ! 1 in (25), one obtains
Inequality (14) can be written as
By the argument similar to that given previously, one obtains
From (31), the conclusion (15) of Lemma 1 follows because 1= .t/ Ä 1=d. Lemma 1 is proved. A lemma, similar to Lemma 1, but with .t/ < 0, was proved in [9, 10] , by a different argument. In [2] and [8] , one can find proofs of some comparison results for ordinary differential equations. The ideas of these proofs are close to the idea of our proof of Lemma 1.
Theorem 2 gives sufficient conditions for Lyapunov stability of the solution to evolution problem (1) under the assumptions that allow the linear operator A.t/ to have spectrum in the half-plane Re z > 0. Such a result is possible to obtain because this spectrum tends sufficiently fast to the imaginary axis as t ! 1.
Example
Let us illustrate our result by a simple example. As H, we take R 2 , and as A. 
Let us check that inequalities (33) and (34) 
Then inequalities (33) and (34) hold, and Lemma 1 yields
This estimate obviously yields global boundedness of ku.t/k and also Lyapunov stability. Indeed, if ku.0/k Ä ı, and ı > 0 is sufficiently small, then d .2ı/ 1 can be chosen sufficiently large, and consequently, inequality (41) yields the estimate ku.t/k Ä , 8t 0, where D 2ı is arbitrarily small if ı > 0 is sufficiently small.
